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Abstract
We discuss features of the brane cosmological evolution that arise through the presence
of matter in the bulk. As these deviations from the conventional evolution are not associated
with some observable matter component on the brane, we characterize them as mirage effects.
We review an example of expansion that can be attributed to mirage non-relativistic matter
(mirage cold dark matter) on the brane. The real source of the evolution is an anisotropic
bulk fluid with negative pressure along the extra dimension. We also study the general
problem of exchange of real non-relativistic matter between the brane and the bulk, and
discuss the related mirage effects. Finally, we derive the brane cosmological evolution within
a bulk that contains a global monopole (hedgehog) configuration. This background induces a
mirage curvature term in the effective Friedmann equation, which can cause a brane Universe
with positive spatial curvature to expand forever.
PACS number: 98.80.-k, 98.80.Cq, 11.25.-w, 11.27.+d
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1 Introduction
In the context of the Randall-Sundrummodel [1], the Universe is identified with a four-dimensional
hypersurface (a 3-brane) in a five-dimensional bulk with negative cosmological constant (AdS
space). The geometry is non-trivial (warped) along the fourth spatial dimension, so that an
effective localization of low-energy gravity takes place near the brane. For low matter densities
on the brane and a pure AdS bulk, the cosmological evolution as seen by a brane observer
reduces to the standard Friedmann-Robertson-Walker cosmology [2, 3, 4]. (For recent reviews,
with extensive lists of references, see ref. [5].) The only novel feature is a contribution to the
effective Friedmann equation that has the form of a conserved radiation term. This is induced
by the gravitational field in the bulk space and can be characterized as a mirage effect, not
associated with a matter component on the brane [2, 6, 7].
In all five-dimensional effective actions derived from string theory there is a variety of fields
in the bulk. Typical effective theories are gauged versions of five-dimensional supergravities
coupled to four-dimensional boundary theories with gauge and matter fields. In addition, there
could be various moduli fields with potential terms in the bulk as well as on the boundary.
(For a partial list of related works see ref. [8].) It seems, therefore, that the Randall-Sundrum
model is a simplification of the general case. Especially in the context of cosmology, it is natural
to expect that the bulk degrees of freedom will be excited by the available energy density.
The simplest example is provided by the transfer of energy into the bulk through the decay of
thermalized brane particles to bulk gravitons. The cosmological evolution of ref. [2], in which all
the energy density is localized on the brane, while the bulk energy momentum tensor includes
only a negative cosmological constant, is a simplification of the much more complicated realistic
scenario.
If the bulk contains some matter component in addition to the negative cosmological constant
the cosmological evolution is modified.1 For example, it is possible to have energy exchange
between the brane and the bulk [9, 12, 13]. Also the presence of a fluid in the bulk can alter the
expansion on the brane. The modifications can be attributed to mirage matter components on
the brane [14, 15, 16].
In the case of an empty bulk, the brane evolution can be discussed either in a coordinate
system (system A) in which the brane is located at a fixed value of the fourth spatial coordinate
and the bulk is time-dependent [2, 3], or in a different coordinate system (system B) in which the
bulk is static and the brane is moving [4]. In the latter case, the bulk metric is five-dimensional
Schwarzschild-AdS [17]. The two points of view are equivalent [18].
The interpolation between the two coordinate systems can be employed in order to construct
examples of brane evolution in a bulk that contains a fluid in addition to the negative cosmo-
logical constant. A configuration that can be characterized as star-AdS was considered in ref.
[14]: The bulk fluid is spherically symmetric, denser at the origin, while its density goes to zero
at a finite value of the radial coordinate. Another well studied case assumes the presence of a
radiation field in the bulk, with the resulting bulk metric having the Vaidya-AdS form [19]. This
background permits the study of radiation or graviton emission by the brane towards the bulk
[7, 20]. One can also consider the possibility of radiation or graviton absorption by the brane
[15]. Both the above examples involve mirage contributions in the effective Friedmann equation.
1Modifications of the evolution can also appear because of the inclusion of additional interactions in the
gravitational sector, such as an induced gravity term on the brane [10], or a Gauss-Bonnet term in the bulk [11].
We consider only a standard Einstein term in the bulk, and concentrate on non-trivial matter components.
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In this work we study other mirage effects that could have an interesting physical interpre-
tation. We do not focus on studying a specific supergravity model. We are more interested
in exploring novel cosmological behaviour, starting from a simple ansatz that can lead to a
complete solution of the (often formidable) Einstein equations.
In the following section, we briefly summarize known results for the mirage radiation, em-
ploying the generalized Vaidya-AdS metric in the bulk. We also discuss in some detail the
observation of ref. [15] that a certain form of the generalized Vaidya-AdS metric results in a
mirage term characteristic of non-relativistic matter (mirage cold dark matter). We show that
the real source of the evolution is an anisotropic bulk fluid with negative pressure along the
extra dimension. Its energy-momentum tensor resembles that of a global monopole configu-
ration in four dimensions. In section 3 we study the related problem of the exchange of real
non-relativistic matter between the brane and the bulk. We discuss the mirage effects arising in
this system. In section 4 we study the brane evolution induced by a global monopole background
in the five-dimensional bulk. We find that a mirage curvature term appears on the brane.
2 Mirage radiation and cold dark matter
We start by reviewing some known results on mirage radiation. We consider a bulk metric of
the form
ds2 = −n2(u, r) du2 + 2ǫ du dr + r2dΩ2k, (2.1)
where
n2(u, r) =
1
12M3
Λr2 + k − 1
6π2M3
M(u, r)
r2
(2.2)
and dΩ2k is the metric of a maximally symmetric three-dimensional space (k = −1, 0, 1). This is
a generalized Vaidya-AdS metric [19]. The cosmological constant is equal to −Λ, while M is the
fundamental Planck constant. The parameter ǫ takes the values ǫ = ±1. In studies of graviton
emission from the brane it is usually assumed that M = M(u) and ǫ = 1. Our discussion is
more general, as it allows for an additional dependence ofM on r. It can also account for energy
absorption by the brane when ǫ = −1.
The energy-momentum tensor that satisfies the Einstein equations is
T 00 = T
4
4 = Λ−
1
2π2
M,r
r3
(2.3)
T 11 = T
2
2 = T
3
3 = Λ−
1
6π2
M,rr
r2
(2.4)
T 04 =
1
2π2
M,u
r3
, (2.5)
where the subscripts indicate derivatives with respect to r and u. The matter component that is
added to the cosmological constant satisfies the various energy conditions if ǫM,u ≥ 0,M,r ≥ 0,
M,rr ≤ 0,M,r ≥ −rM,rr/3 [19].
For the discussion of the cosmological evolution on the brane we consider a coordinate system
in which the metric takes the form
ds2 = γabdx
adxb + dη2 = −m2(τ, η)dτ2 + a2(τ, η)dΩ2k + dη2. (2.6)
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The brane is located at η = 0, while we identify the half-space η > 0 with the half-space η < 0.
We also redefine the time, so as to set m(τ, η = 0) = 1. Through an appropriate coordinate
transformation
u = u(τ, η), r = a(τ, η) (2.7)
the metric (2.1) can be written in the form of eq. (2.6).
The equations governing the cosmological evolution on the brane are [20, 15]
H2 =
(
R˙
R
)2
=
1
144M6
ρ˜2 +
1
6M2Pl
ρ˜+
1
6π2M3
M(τ,R)
R4
− k
R2
+ λ (2.8)
˙˜ρ+ 3H(ρ˜+ p˜) = −12M
3
π2V
M˙(τ,R)
R4
1
1− ǫ12M3HV + ρ˜V
, (2.9)
where ρ˜, p˜ are the brane energy density and pressure and R(τ) = a(τ, η = 0). We have also
denoted M(τ,R) ≡ M(u(τ, η = 0), r = R). The dot denotes a partial derivative with respect
to τ . The above equations have the general form expected for brane cosmologies [21]. The
requirement ǫM,u ≥ 0, imposed by the energy conditions, indicates that we must associate
ǫ = 1 with energy outflow (for which M˙ ≡ ∂M(τ,R)/∂τ > 0) and ǫ = −1 with energy inflow
(for which M˙ < 0). We have also defined M2Pl = 12M6/V , where V is the brane tension. The
bulk cosmological constant and the brane tension are fine tuned so that the effective cosmological
constant vanishes: λ = (V 2/12M3 − Λ)/12M3 = 0. In the low-energy regime the last factor in
the r.h.s. of eq. (2.9) becomes 1, so that the same equations describe energy outflow or inflow,
depending on the sign of M˙.
ForM =M(τ) and large R we can put eqs. (2.8), (2.9) in the form
H2 =
(
R˙
R
)2
=
1
6M2Pl
(ρ˜+ ρ˜r)−
k
R2
(2.10)
˙˜ρ+ 3H(ρ˜+ p˜) = −( ˙˜ρr + 4Hρ˜r), (2.11)
with ρ˜r = 12M
3M(τ)/(π2V R4). These equations describe an expanding Universe in which
brane matter can be transformed to mirage radiation, or the opposite, while the total energy is
conserved. In the high-energy regime the two possible values of ǫ result in different forms of eq.
(2.9).
In the case M =M(r) the brane matter and the mirage component evolve independently.
The metric of eqs. (2.1), (2.2) can be written in the form
ds2 = −n2(r) dt2 + n−2(r) dr2 + r2dΩ2k, (2.12)
where
n2(r) =
1
12M3
Λr2 + k − 1
6π2M3
M(r)
r2
(2.13)
and ∂u/∂t = 1, ∂u/∂r = ǫ/n2(r). The non-zero components of the energy-momentum tensor
that satisfies the Einstein equations for this metric are given by
T 00 = T
4
4 = Λ−
1
2π2
M,r
r3
(2.14)
T 11 = T
2
2 = T
3
3 = Λ−
1
6π2
M,rr
r2
. (2.15)
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For M=constant we recover the standard Schwarzschild-AdS metric, as expected. The mirage
component is identified with the mirage radiation that evolves independently from the brane
matter.
As was pointed out in ref. [15], the generalized Vaidya metric of eqs. (2.1), (2.2) allows for a
non-trivial dependence ofM on R. We can assume thatM = ζ γ(τ)Rn with ζ = ±1, n integer,
and γ(τ) a positive-definite function. The various energy conditions constrain the possible values
of n and ζ. Apart from the case (n, ζ) = (0, 1) that we discussed above, we have the possibilites
(n, ζ) = (1, 1), (−1,−1), (−2,−1). The last two cases result in mirage terms in the effective
Friedmann equation that fall off faster than R−4. For this reason they are insignificant in the
low-energy regime for large R. We concentrate on the caseM = γ(τ)R.
In the low-energy regime, the evolution equations (2.8), (2.9) can be written as
H2 =
(
R˙
R
)2
=
1
6M2Pl
(ρ˜+ ρ˜m)−
k
R2
(2.16)
˙˜ρ+ 3H(ρ˜+ p˜) = −( ˙˜ρm + 3Hρ˜m), (2.17)
with ρ˜m = 12M
3γ(τ)/(π2V R3). These equations describe the transformation of brane matter
to mirage dust, or the opposite, in an expanding Universe. The bulk fluid that is associated with
the necessary energy-momentum tensor for such a solution does not have an obvious physical
interpretation. In order to obtain some intuition, we assume that γ is time independent, so that
there is no energy exchange between the brane and the bulk. In the coordinate system (t, r), in
which the metric has the form of eqs. (2.12), (2.13), the bulk contains, apart from the negative
cosmological constant, an anisotropic fluid with (see eq. (2.14), (2.15))
T 00 = T
4
4 = −
γ
2π2r3
T 11 = T
2
2 = T
3
3 = 0. (2.18)
This is equivalent to M(r) = γr. If we parametrize the bulk energy-momentum tensor as
TAB = diag(ρ, p, p, p,p), the fluid must have an equation of state p = 0, p = −ρ.
In four dimensions, there is a physical system with an equation of state similar to the one
above. At large distances from the center of a global monopole, the energy-momentum tensor is
given by T tt ≃ T rr ∼ −r−2 and T θθ = T φφ ≃ 0 [22]. It is possible that an analogous configuration
in five dimensions may result in the required form of the equation of state. We explore this
possibility in section 4.
A related question in brane cosmology concerns the possibility that real non-relativistic
matter is exchanged between the bulk and the brane. In this case the total amount of cold dark
matter is not conserved on the brane, as particles can either escape to the bulk or be absorbed
by the brane.
This question is related to an interesting problem in brane cosmology. It has been argued
that the absoprtion of energy by the brane may lead to periods of accelerated expansion [12, 13].
An important issue is whether the absorbed matter may have non-negative pressure, while the
brane expansion remains accelerated. This could lead to the elimination of the inflaton field as
a necessary ingredient of inflation. It has been shown, however, on general grounds that the
bulk matter must have negative pressure for any acceleration to occur [21]. We are interested
in addressing this issue through an explicit calculation in a specific model.
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In the absence of a cosmological constant a pressureless bulk gas can be discussed in terms
of the Tolman-Bondi metric [23]. This problem is the non-relativistic analogue of the relativistic
case studied through the Vaidya-AdS bulk metric (2.1). The cosmological evolution and the
induced mirage effects on the brane are studied in the following section. Particular emphasis is
put on the possible link between acceleration and inflow of non-relativistic matter.
3 Real cold dark matter
A non-relativistic perfect fluid on the brane is described by the equation of state p˜ = 0. In
the bulk the appropriate metric for the description of a pressureless, inhomogeneous fluid is the
Tolman-Bondi metric [23]. We employ here a generalization that allows for a non-zero negative
cosmological constant.
The bulk metric can be written in the form
ds2 = −dt2 + b2(t, r)dr2 + S2(t, r)dΩ2k, (3.19)
where dΩ2k is the metric of a maximally symmetric three-dimensional space (k = −1, 0, 1). The
function b(r, t) is given by
b2(t, r) =
S2,r(t, r)
k + f(r)
, (3.20)
where the subscript denotes differentiation with respect to r, and f(r) is an arbitrary function.
The bulk energy momentum tensor has the form
TAB = diag (Λ− ρ(t, r), Λ, Λ, Λ, Λ) . (3.21)
The bulk fluid consists of successive shells marked by r, whose local density ρ is time-dependent.
The function S(t, r) describes the location of the shell marked by r at the time t. The Einstein
equations reduce to
S2,t(t, r) =
1
6π2M3
M(r)
S2
− 1
12M3
ΛS2 + f(r) (3.22)
M,r(r) = 2π2S3ρS,r. (3.23)
The generalized mass functionM(r) of the bulk fluid incorporates the contributions of all shells
between 0 and r. It can be obtained through the integration of eq. (3.23). Because of energy
conservation it is independent of t, while ρ and S depend on both t and r.
It is obvious that the solution we are considering is appropriate for describing a matter
distribution only if the r.h.s. of eq. (3.22) remains positive. The functions M(r), f(r) must
have a form that guarantees this at t = 0. The subsequent evolution for an expanding fluid
(S,t > 0) inevitably leads to S,t becoming zero for a certain value of r at some time t. This
could happen either for r → ∞ if the initial matter distribution extends over the whole extra
dimension, or at the point where the matter density becomes zero. (In the latter case, the
metric assumes the standard Schwarzschild-AdS form for larger r [17].) At later times the outer
regions of the matter distribution start collapsing, while the inner ones continue their expansion.
Shell crossing (characterized by S,r < 0) is unavoidable for a pressureless fluid. This behaviour is
caused by the form of the geodesics in an AdS space, which always lead to r = 0. Non-relativistic
matter collapses to this point at late times, even if initially it has an outgoing velocity.
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In our discussion we shall not explore the full dynamics of the Tolman-Bondi-AdS metric.
We shall consider the motion of a brane within an expanding fluid, by choosing appropriate
initial conditions and limiting the time interval during which we follow the evolution. A simple
late-time scenario would have the brane moving outside the region of non-zero matter density.
Then the bulk metric would take the Schwarzschild-AdS form, depending only on the constant
total integrated mass of the bulk fluid.
For the discussion of the cosmological evolution on the brane we proceed similarly to section
2. We consider a coordinate system in which the metric takes the form of eq. (2.6). Through
an appropriate coordinate transformation
t = t(τ, η), r = r(τ, η) (3.24)
the metric of eq. (3.19) can be written in the form of eq. (2.6). Clearly a(τ, η) = S(t, r). We
define R(τ) = a(τ, η = 0). This quantity corresponds to the scale factor of the brane. In the
same time, through the relation a(τ, η = 0) = S(t(τ, η = 0), r(τ, η = 0)) it can be interpreted
as the location of the brane in terms of the coordinate S. Through the relation t = t(τ, η) a
connection can be established between the time coordinates t and τ at the location of the brane
η = 0. Then the quantity r(τ, η = 0) denotes the shell whose location coincides with that of the
brane. Clearly R(τ) and r(τ, η = 0) do not have the same τ -dependence in general. Depending
on the values of R˙(τ) and r˙(τ, η = 0), the bulk gas can move faster or slower than the brane. In
the first case, bulk matter has to be absorbed by the brane (as the brane essentially forms the
boundary of the AdS space), while in the second energy must be emitted into the bulk by the
brane. We shall see an explicit example of this behaviour in the following.
At the location of the brane (where S = R) we find
t,τ =
1
W
(
−δR˙
√
−W + k + f + ǫ
√
k + f
√
R˙2 +W
)
(3.25)
t,η =
1
W
(
−R˙
√
k + f + δǫ
√
−W + k + f
√
R˙2 +W
)
, (3.26)
with
W = − 1
6π2M3
M
S2
+
1
12M3
ΛS2 + k (3.27)
and the dot denoting a derivative with respect to τ . The parameters δ, ǫ take the values ±1.
For S,t > 0 (< 0) we must choose δ = 1 (−1). The value of ǫ is fixed by the requirement t,τ > 0,
so that time flows in the same direction both for brane and bulk observers. For an expanding
bulk fluid (δ = 1) we must take ǫ = 1.
The bulk energy-momentum tensor as measured by a brane observer (in the frame of eq.
(2.6)) has
T 00 = Λ− ρ t2,τ (3.28)
T 04 = −ρ t,τ t,η (3.29)
T 44 = Λ + ρ t
2
,η (3.30)
T 11 = T
2
2 = T
3
3 = Λ. (3.31)
The equations governing the cosmological evolution on the brane can be obtained in complete
analogy to refs. [14, 15]. It can be shown that, at the location of the brane, they take the form
H2 =
(
R˙
R
)2
=
1
144M6
ρ˜2 +
1
6M2Pl
ρ˜+
1
6π2M3
M(r(τ, η = 0))
R4
− k
R2
(3.32)
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˙˜ρ+ 3Hρ˜ = −2T 04(t(τ, η = 0), r(τ, η = 0)). (3.33)
(We have set the effective cosmological constant to zero.)
The cosmological evolution described by the equations in this section depends on the value
of the curvature parameter k. We expect that this dependence does not display novel qualitative
features, other than those encountered in conventional cosmology. In particular, eqs. (3.22),
(3.23) do not depend on k. In eqs. (3.25), (3.26), the k-dependence cancels in the factors
−W + k and R˙2 + k. The only explicit dependence appears in the factor k + f(r), which must
be assumed to be positive for r to be space-like, according to eq. (3.20). The function f(r)
can be linked to the initial velocity of the bulk fluid through eq. (3.22). If the fluid has a large
initial velocity, the contribution from k is negligible. Otherwise, its value may induce only a
quantitative modification of the cosmological evolution. The only significant qualitative role
played by k is in eq. (3.32). It determines the late time behaviour of the cosmological evolution,
similarly to conventional cosmology.
The rate of energy exchange between the brane and the bulk is determined by the element
T 04 of the bulk energy-momentum tensor at the location of the brane, as given by eqs. (3.29)
and (3.25), (3.26), (3.27). The evolution of T 04 with time has a complicated dependence on the
arbitrary functions f(r) and M(r). This is different than in the Vaidya-AdS case discussed in
the previous section, in which the energy exchange is directly determined by eq. (2.5) through
the assumed form of M(r, u).2 For this reason, it is technically very difficult to use as input
the form of T 04(τ) and deduce the required form of f(r) and M(r). It seems reasonable, even
though not guaranteed, that the freedom provided by the choice of two functions allows for an
arbitrary form of T 04(τ). In physical terms, the form of the energy exchange between the brane
and the bulk is directly related to the distribution and velocity of the bulk matter.
Instead of deriving the general solution of the bulk-brane system, which seems formidable
even through a numerical approach, we shall simplify the equations through some additional
assumptions, in order to address the connection between energy inflow and acceleration that we
discussed at the end of the last section. At the initial time t = 0 we can choose the coordinates
r and S to coincide (S(0, r) = r). We make the simplifying assumption that the bulk fluid is
homogeneous. This implies that M(r) = π2r4ρ0/2, with ρ0 = ρ(t = 0). The Einstein equation
(3.22) can be integrated if f(r) is known. At the time t = 0, this function can be linked to
the initial velocity of the bulk fluid. The homogeneity is preserved if we make the additional
assumption f(r) = v20 r
2. This permits as to write eq. (3.22) as
s2,t
s2
=
1
12M3
ρ0
s4
− 1
12M3
Λ +
v20
s2
, (3.34)
with S(t, r) = s(t) r and s(0) = 1. The above equation has a form very similar to the standard
Friedmann equation, with the curvature parameter k replaced by the “initial squared velocity”
v20 . It can be integrated easily for given ρ0, Λ, v0. The bulk fluid remains homogeneous with a
density ρ(t) = ρ0/s
4(t).
In order to obtain an example of brane evolution through numerical integration, we proceed
as follows: We describe the evolution in terms of the proper time τ measured by an observer
comoving with the brane. We concentrate on a flat brane Universe with k = 0. From eqs. (3.25),
(3.34) we obtain an expression for s˙(τ) = [s,t t,τ ](τ, η = 0). Eqs. (3.32), (3.33) determine the
2However, even in this case there is an ambiguity: An assumed form of T 04(τ ) can be matched by various
forms of M(r(τ, η = 0), u(τ, η = 0)).
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Figure 1: The expansion rate R˙/R and the acceleration parameter R¨R/R˙2 of the brane, and the
expansion rate s˙/s of the bulk fluid for M = 1, Λ = 1, V =
√
12, ρ0 = 0.2, v0 = 1, R(0) = 0.5,
s(0) = 1 and ρ˜(0) = 1.
evolution of R(τ), ρ˜(τ). The value of T 04 at the location of the brane, as measured by the brane
observer, is given by eqs. (3.29), (3.25), (3.26). The ratio R(τ)/s(τ) = r(τ, η = 0) determines
the shell whose location coincides with that of the brane at time τ . The mass function is given
by the expressionM(τ) = π2r4(τ, η = 0)ρ0/2. A solution is uniquely determined by a choice of
the parameters M , Λ, V , ρ0, v0 and the initial conditions R(0), s(0) and ρ˜(0).
In figs. 1 and 2 we depict some of the characteristics of the evolution for the choice M = 1,
Λ = 1, V =
√
12, ρ0 = 0.2, v0 = 1, R(0) = 0.5, s(0) = 1 and ρ˜(0) = 1. In fig. 1 we plot the
expansion rate of the brane R˙/R as measured by a brane observer. The same quantity is related
to the velocity of the brane as seen by a bulk observer in the system of coordinates (3.19). The
expansion of the bulk fluid is given by s˙/s. According to our previous discussion, we have the
relation R˙/R = s˙/s+ r˙/r, where r(τ) denotes the shell that coincides with the brane at the time
τ . Fig. 1 indicates that before τe ≃ 2.7 the bulk fluid expands faster than the brane, while at
later times it is overtaken by the brane. At a time τ ≃ 4 the bulk fluid stops expanding (s˙ = 0).
At later times it is expected to reverse its motion, so that shell crossing takes place.
In fig. 2 we plot the function r(τ). This has a minimumn at the time τe ≃ 2.7, when the
expansion of the bulk fluid is overtaken by the brane motion. For τ < τe there is energy flowing
9
1 2 3 4
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4   
  
Figure 2: The coordinate r(τ) of the bulk fluid shell that coincides with the brane, and the energy
flow T 04 at the location of the brane.
onto the brane from the bulk. This is expected, as the brane essentially forms the boundary
of the bulk space. When the bulk fluid expands faster than the brane, the excess energy near
the boundary is accumulated on it. For τ > τe the process is reversed. This behaviour is
summarized by the time dependence of the 04-component of the bulk energy-momentum tensor
at the location of the brane, as measured by the brane observer (eq. (3.29)).
In fig. 1 we also plot the acceleration parameter R¨R/R˙2 for the brane expansion. We observe
that is remains negative for the whole evolution, irrespectively of the direction of the energy
flow. The reason can be understood in the general framework of ref. [21]. The effect of the
bulk matter on the brane evolution can be described in terms of a mirage brane component with
effective density and pressure
ρeff =
12M3
π2V
M(R)
R4
(3.35)
peff =
1
3
ρeff +
8M3
V
p¯, (3.36)
where p¯ is the pressure of the bulk fluid along the extra dimension, as measured by the brane
observer. In our case this is given by the second contribution to T 44 of eq. (3.30), and is
always positive. As a result, both fluids that affect the brane evolution (the real non-relativistic
matter and the mirage component) have positive energy density and non-negative pressure. The
resulting expansion must be decelerating.
The example that we discussed demonstrates how the presence of a pressureless fluid in
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the bulk and the brane affects the evolution. The brane component contributes directly to the
effective Friedmann equation for the expansion on the brane. The bulk component generates
a mirage term, which in general falls faster than R−4. (This is apparent from the form (3.36)
of the effective pressure.) Moreover, there is energy exchange between the brane and mirage
components. The energy exchange is connected to the relative magnitude of the expansion rate
on the brane (which can also be viewed as the motion of the brane within the bulk) and the
expansion rate of the bulk fluid. In general, the bulk fluid in a Tolman-Bondi-AdS geometry
depends on two arbitrary functions: M(r) and f(r). Their form is related to the rate of energy
exchange between the bulk and the brane, as quantified by the value of T 04 at the location of the
brane.3 The relation is not as explicit as in the case of the Vaidya-AdS metric for a radiation
fluid (see eq. (2.5)). However, the physical picture is the same: The energy exchange between
the brane and the bulk is related to the distribution and velocity of the bulk matter.
4 Mirage curvature
We return now to the issue of a mirage component that could behave as non-relativistic matter
(mirage cold dark matter). In section 2 we saw that the global monopole (hedgehog) configura-
tion has an energy-momentum tensor of the form that could generate such a mirage effect. In
this section we explore this possibility by constructing explicitly a global monopole configuration
in a five-dimensional AdS background, and embedding a brane in it.
In order to construct a global monopole (hedgehog) configuration in five dimensions we
consider a four-component field φα, α = 1, 2, 3, 4, with an O(4) symmetry. Its Lagrangian is
given by
L(φ) = −1
2
φα;Cφα;Dg
CD − UB(φ) = −1
2
φα;Cφα;Dg
CD − λ
4
(
φαφα − φ20
)2
. (4.37)
The field configuration describing a monopole is
φα = φ0f(r)x
α/r, (4.38)
while the metric can be written as
ds2 = −n2(r) dt2 + b2(r) dr2 + r2(dθ2 + sin2 θ dχ2 + sin2 θ sin2 χdφ2). (4.39)
The Cartesian coordinates xα are connected to the spherical coordinates r, θ, χ, φ through the
standard relations. We also have xαxα = r
2 and φαφα = φ
2
0f
2.
The Einstein equations are
3
b2
1
r
(
1
r
− b
′
b
)
− 3
r2
=
1
2M3
T 00
=
1
2M3
[
Λ− φ
2
0f
′2
2b2
− 3φ
2
0f
2
2r2
− UB(f)
]
(4.40)
1
b2
[
1
r
(
1
r
+ 2
n′
n
)
− b
′
b
(
n′
n
+ 2
1
r
)
+
n′′
n
]
− 1
r2
=
1
2M3
T 11
3For an attempt to construct a physical mechanism underlying the absorption of bulk massive particles by the
brane, see ref. [24].
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=
1
2M3
[
Λ− φ
2
0f
′2
2b2
− φ
2
0f
2
2r2
− UB(f)
]
(4.41)
3
b2
1
r
(
1
r
+
n′
n
)
− 3
r2
=
1
2M3
T 44
=
1
2M3
[
Λ +
φ20f
′2
2b2
− 3φ
2
0f
2
2r2
− UB(f)
]
, (4.42)
where primes indicate derivatives with respect to r. Apart from the scalar field, we have included
a negative cosmological constant −Λ in the bulk. An appopriate combination of the above
equations gives the equation of motion of the scalar field
1
b2
f ′′ +
1
b2
[
3
r
+
(bn)′
bn
− 2b
′
b
]
f ′ − 3
r2
f − λφ20(f2 − 1)f
=
1
r3
(
r3f ′
b2
)
′
+
1
b2
(bn)′
bn
f ′ − 3
r2
f − λφ20(f2 − 1)f = 0. (4.43)
We can rewrite eq. (4.40) as
1
b2
= 1 +
1
12M3
Λr2 − 1
6π2M3
M(r)
r2
(4.44)
M′ = 2π2r3
[
φ20f
′2
2b2
+
φ20f
2
2r2
+ UB(f)
]
. (4.45)
By combining eqs. (4.40), (4.42) we obtain
(bn)′
bn
=
1
6M3
φ20rf
′2. (4.46)
The above equations cannot be solved analytically and one has to integrate them numerically.
However, the asymptotic form of the monopole configuration for r → ∞ can be deduced from
eqs. (4.43)–(4.46). From eq. (4.43) it is apparent that f → 1 for r → ∞. It is clear then that
the leading behaviour of b2(r) for large r is b−2(r) → Λr2/(12M3). Also, it can be seen from
eq. (4.46) that the term ∼ (bn)′ in eq. (4.43) is negligible for large r. In this way we find that
f ≃ 1 + β/r2 for r →∞, with β = −3/[2λφ20 + Λ/(3M3)].
The asymptotic behaviour of the monopole solution implies that the energy-momentum
tensor takes the form
T 00 = T
4
4 = Λ−
3φ20
2r2
(4.47)
T 11 = T
2
2 = T
3
3 = Λ−
φ20
2r2
. (4.48)
Comparison with eqs. (2.14), (2.15) shows that we can define an effective integrated mass
M(r) = 3π2φ20r2/2. Contrary to our initial motivation of looking for an integrated mass ∼ r,
we have found a stronger effect ∼ r2.
In order to embed a brane, we consider a system of coordinates in which the metric takes
the form of eq. (2.6). The brane is located at η = 0, while we identify the half-space η > 0 with
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the half-space η < 0. The time coordinate can be chosen such that m(τ, η = 0) = 1. Through
an appropriate coordinate transformation
t = t(τ, η), r = a(τ, η) (4.49)
the metric (4.39) can be written in the form of eq. (2.6) with k = 1. If we define R(τ) = a(τ, η =
0), we find that at the location of the brane
∂t
∂τ
=
1
n(R)
[
b2(R)R˙2 + 1
]1/2
(4.50)
∂t
∂η
= − b(R)
n(R)
R˙ (4.51)
∂a
∂η
= − 1
b(R)
[
b2(R)R˙2 + 1
]1/2
, (4.52)
where the dot denotes a derivative with respect to τ .
The presence of the brane induces an additional contribution to the energy-momentum tensor
(as measured by an observer comoving with the brane)
TAC
∣∣∣
b
= δ(η) diag(−V −Ub(φ)− ρ˜,−V −Ub(φ) + p˜,−V −Ub(φ) + p˜,−V −Ub(φ)+ p˜, 0). (4.53)
The quantity V is the brane tension, while the potential Ub(φ) accounts for possible interactions
of the bulk field with the brane. It is normalized so that Ub(φ0) = 0. The contributions ρ˜, p˜
arise from a perfect fluid localized on the brane, with an equation of state p˜ = p˜(ρ˜).
The Einstein equations away from the brane remain unaffected, while the contribution of eq.
(4.53) can be taken into account by imposing appropriate boundary conditions for the solutions
of these equations. In particular, the boundary conditions for the functions m(τ, η), a(τ, η),
φ(r(τ, η)) are
[
1
m
∂m
∂η
]
(τ, η = 0+) =
1
12M3
(−V − Ub(φ) + 2ρ˜+ 3p˜) (4.54)[
1
a
∂a
∂η
]
(τ, η = 0+) = − 1
12M3
(V + Ub(φ) + ρ˜) (4.55)
∂φ
∂η
(τ, η = 0+) =
dφ
dr
∂r
∂η
(τ, η = 0+) =
1
2
∂Ub(φ)
∂φ
. (4.56)
For the monopole solution we derived above, eq. (4.56) is satisfied for φ(R) ≃ φ0 (or f ≃ 1) and
large R, if the potential Ub(φ) has the form
Ub(φ) =
(
Λ
3M3
)1/2
(φ− φ0)2 . (4.57)
The motion of the brane in an AdS bulk space with a global monopole is expected to generate
a mirage term in the Friedmann equation ∼ M(R)/R4 ∼ 1/R2: an effective curvature term.
The calculation of the brane cosmological evolution makes use of eqs. (4.54), (4.55) and proceeds
in complete analogy to refs. [14, 15]. As the bulk metric (4.39) has positive curvature along
the three spatial dimensions parallel to the brane, only a brane Universe with k = 1 can be
embedded in this background. The values of the bulk energy-momentum tensor at the location
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of the brane, as measured by a brane observer, can be derived from eqs. (4.40)–(4.42) and the
transformations (4.50)–(4.52). For large values of the scale factor R we find
H2 =
(
R˙
R
)2
=
1
6M2Pl
[
ρ˜+ β2φ20
(
Λ
3M3
)1/2 1
R4
]
− 1
R2
+
φ20
4M3
1
R2
(4.58)
˙˜ρ+ 3H(ρ˜+ p˜) = 0. (4.59)
The effective Friedmann equation (4.58) is similar to that in the conventional cosmology for a
Universe with positive spatial curvature. It includes, however, two additional contributions: a)
a term ∼ φ20R−4 that arises from the brane potential Ub(φ), and b) an effective curvature term
∼ φ20R−2, that arises through the influence of the bulk field (the monopole configuration) on the
brane evolution 4. For large R the last term can alter drastically the conventional picture: For
φ20 > 4M
3 the Universe expands forever.
We also point out that eq. (4.59), despite its simple form, is the result of a subtle cancellation.
The total energy density localized on the brane includes the contribution of the potential Ub(φ),
which should appear in the l.h.s. of the conservation equation. However the r.h.s. of this
equation is not zero, but equal to −2T 04, where T 04 is the off-diagonal element of the bulk energy-
momentum tensor at the location of the brane, as measured by a brane observer [12, 14, 15].
This can be computed to be
T 04 = 2β
2φ20
(
Λ
3M3
)1/2
H
1
R4
(4.60)
for this model. The two contributions cancel. The physical interpretation is that the energy
released as the field φ(τ, η = 0) approaches φ0 is transferred to the bulk configuration.
5 Summary and conclusions
The purpose of this paper has been to demonstrate that the bulk can induce various mirage
effects on the brane, affecting significantly the cosmological evolution even at low energy densi-
ties. We first summarized the well studied case of mirage radiation. We considered a generalized
Vaidya-AdS metric in the bulk, which allows for energy exchange between the bulk and the brane.
We then pointed out that the same metric allows for a mirage component on the brane with the
equation of state of non-relativistic matter. The energy-momentum tensor of the anisotropic
bulk fluid that can induce such an effect has the form T 00 = T
4
4 ∼ −r−3, T 11 = T 22 = T 33 = 0.
Because of the required negative pressure along the extra dimension (p = T 44) this fluid must
correspond to some field configuration. There is a strong resemblance of the needed energy-
momentum tensor to that of a global monopole in four dimensions. The latter has the form
T tt ≃ T rr ∼ −r−2 and T θθ = T φφ ≃ 0 at large distances r from the center of the monopole.
This motivated us to derive the cosmological evolution on a brane wrapped around a global
monopole in five dimensions. For large r the resulting energy-momentum tensor has the form
T 00 = T
4
4 ∼ −3r−2, T 11 = T 22 = T 33 ∼ −r−2. The pressure is negative and anisotropic. The
r-dependence arises because the leading contribution comes from the angular part of the kinetic
term in the action (the one that depends on the angles parametrizing the three spatial directions
parallel to the brane). On dimensional grounds this contribution is ∼ r−2, similarly to what
happens for the four-dimensional monopole. The integrated mass function M(r), defined in
4Mirage curvature effects have also been found in ref. [6].
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eq. (4.45), behaves as M ∼ r2 for large r. It can be shown on general grounds that the
effective Friedmann equation on the brane receives a contribution ∼M(R)/R4, where R is the
scale factor. As a result, for a monopole-AdS bulk an effective curvature term appears on the
brane. Our explicit calculation gives a term φ20/(4M
3R2), where φ0 is the asymptotic value of
the monopole field. For φ20 > 4M
3, a brane Universe with positive spatial curvature does not
recollapse, but expands forever.
Coming back to the question of the configuration in the bulk that can induce a mirage term
similar to cold dark matter, we point out that the essential requirement is that the integrated
mass function have the form M(r) ∼ r. The energy-momentum tensor T 00 = T 44 ∼ −r−3,
T 11 = T
2
2 = T
3
3 = 0 that we discussed in section 2 satisfies this requirement. It is also consistent
with no energy exchange between the brane and the bulk. As a result, the predicted brane
evolution can be valid for arbitrarily large R, as no brane energy is lost to the bulk. However,
the physical interpretation of the required bulk fluid is unclear.
In ref. [14] two other examples of mirage terms that scale ∼ R−3 were given. The bulk was
assumed to be populated by a homogeneous fluid with equation of state p = wργ . For w = 1,
γ = 1/3 or γ = 1, w = 1/2 the desired scale dependence was obtained. However, these models
are consistent only with energy outflow from the brane. This implies that the brane energy
density becomes zero at a finite value of R, and the models lose their physical meaning for large
R.
In order to complete the picture, we also studied the evolution in the presence of a non-
relativistic perfect fluid both on the brane and in the bulk. In order to achieve this, we assumed
that the bulk can be described by the Tolman-Bondi-AdS metric. The bulk fluid is described
by two arbitrary functions, that roughly correspond to the initial distribution of matter and its
velocity. The dynamical evolution includes energy exchange between the brane and the bulk,
with outflow or inflow depending on the relative magnitude of the rate of expansion on the
brane (which can also be viewed as the motion of the brane within the bulk) and the expansion
rate of the bulk fluid. The bulk matter induces a mirage component in the effective Friedmann
equation for the brane expansion, with positive energy density ρeff and pressure peff > ρeff/3.
This energy density falls off faster than R−4.
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